Abstract. In this paper, we consider bounded strictly pseudoconvex domains D ⊂ C 2 with smooth boundary M = M 3 := ∂D. If we consider the asymptotic expansion of the Bergman kernel on the diagonal
Introduction
Let D ⊂ C n be a bounded strictly pseudoconvex domain with smooth boundary ∂D, and assume that D is defined by ρ > 0, where ρ ∈ C ∞ (D) is a defining function for the boundary ∂D, i.e., ρ| ∂Ω = 0 and dρ| ∂D = 0. Fefferman proposed ( [Fef76] , [Fef79] ) investigating the biholomorphic geometry of D (e.g., the Bergman kernel) and the CR geometry of the boundary M = M 2n−1 := ∂D via invariants obtained by restricting to a class of special defining functions ρ normalized by J(ρ) = 1 + O(ρ n+1 ), where J is the complex Monge-Ampère operator
(1) J(u) := (−1) n det u uz k u z j u z jzk .
Fefferman showed in [Fef76] that such a smooth defining function exists, and that it is unique mod O(ρ n+2 ). A defining function ρ satisfying this normalization is called a Fefferman defining function. The work of Cheng-Yau [CY80] , combined with the subsequent work of Lee-Melrose [LM82] , shows that the Dirichlet problem (2) J(u) = 1, u| M = 0
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1 has a unique non-negative solution u ∈ C ∞ (D) ∩ C n+2−ǫ (D), which has an asymptotic expansion of the form
One observes that in the case of the unit ball D = B n ⊂ C n , the solution u to (2) coincides with the standard defining function ρ = 1 − ||z|| 2 ; thus, there is no singularity in this case and we can take η k = 0 for k ≥ 1. Graham ([Gra87a] , [Gra87b] ) showed that the boundary value problem (2) can be solved formally near a point on M, yielding a family of formal solutions u of the form (3) that depend on one additional parameter function (which adds a condition on a normal derivative, to complete the Cauchy data for the local problem (2)). Moreover, the functions η k for k ≥ 1, which make up the singularity of the solution, are uniquely determined mod O(ρ n+1 ) by the local CR geometry of the boundary M only (independent of the additional parameter function and choice of Fefferman defining function ρ). In particular, the functions bη k := η k | M are uniquely determined smooth functions on the boundary M. Indeed, Graham proved that the bη k are local CR invariants of weight (n + 1)k; (see, e.g., [Gra87a] , [Gra87b] for the formal definition of this notion; see also below). Graham also showed, on the one hand, that if bη 1 = 0 on M, then all the functions η k , k ≥ 1, vanish to infinite order on M and, hence, there is a smooth function (ρη 0 in the expansion (3)) that agrees with the solution u to infinite order (as in the case of the unit ball B n ); on the other hand, he showed that there are strictly pseudoconvex hypersurfaces M ⊂ C n such that bη 1 = 0, but M is not locally spherical (i.e., not locally equivalent to the sphere ∂B n ). In other words, information about the function bη 1 locally on the boundary M determines completely the singularity (mod O(ρ n+1 )) of the solution u near M, but does not determine the CR geometry of M. It may still be the case, however, that information about bη 1 globally may determine the CR geometry of M. The main result in this paper is a result along these lines in C 2 for domains with transverse symmetry. The function bη 1 is sometimes referred to as the obstruction function (cf., [Hir14] ). The solution u to (2) is intimately related to the Bergman and Szegő kernels of the domain D ⊂ C n ; these are the reproducing kernels of the holomorphic functions, respectively the boundary values of holomorphic functions, in L 2 (D) and L 2 (M, σ), where σ denotes some choice of surface element on M. We recall ([Fef74] , [BdMS76] ) that the Bergman and Szegő kernels, K B (Z) and K S (Z), of D on the diagonal have asymptotic expansions of the form
in terms of a Fefferman defining function ρ. To make the Szegő kernel K S biholomorphically invariant, we have chosen here the invariant surface element on M = ∂Ω as in [HKN93] (see also [Lee88] , [Hir93] [Gra87b] , that the asymptotic expansion of ψ B in this case is as follows:
where Q is E. Cartan's 6th order (umbilical) invariant. Thus, if ψ B is O(ρ 2 ), then we may conclude that Q = 0 (by using the result of Graham that bη 1 = 0 =⇒ η 1 = 0), which is well known [Car33] to imply that M is locally spherical. This proves that D is biholomorphic to B 2 , if D is assumed simply connected with connected boundary, by the Riemann mapping theorem of Chern-Ji [CJ96] . In subsequent work, Nakazawa [Nak94] (see also Boichu-Coeuré [BC83] ) proved that for complete Reinhardt domains, it suffices to assume that ψ B | M = bη 1 = 0 to conclude that D is biholomorphic to B 2 ; the latter result is an example of a situation where global vanishing of bη 1 forces M to be locally spherical. Analogous results hold for the Szegő kernel, normalized by the invariant surface element on M, in view of the expansion of ψ S for n = 2 due to Hirachi-Komatsu-Nakazawa [HKN93] :
The reader is also referred to subsequent work on CR invariants and the expansions of the Bergman and Szegő kernels by, e.g., Bailey-Eastwood-Graham [BEG94] , Hirachi [Hir00] , [Hir06] , and others. In this note, we shall consider the case n = 2, i.e., bounded strictly pseudoconvex domains D ⊂ C 2 . The boundary M = M 3 = ∂D is then a compact three dimensional strictly pseudoconvex CR manifold. As illustrated by the result of Graham mentioned above, the vanishing of bη 1 on an open subset U ⊂ M does not imply that U is locally spherical in general. Our main result, however, is that if D has transverse symmetry, then the vanishing of bη 1 globally on M implies that M is locally spherical.
We recall that D has transverse symmetry if there is a 1-parameter family of biholomorphisms of D such that its infinitesimal generator is transverse to the CR tangent space on the boundary M := ∂D. Examples include circular domains, i.e., those for which Z ∈ D if and only if the whole circle T Z := {e it Z : t ∈ R}, is contained in D. In particular any Reinhardt domain is circular and, hence, has transverse symmetry. Our main result is the following: In view of the expansions (5) and (6) of the log terms in the Bergman and Szegő kernels, we obtain the following direct corollaries of Theorem 1.1: We should briefly mention the role of the choice of surface element on M in the Szegő kernel K S , since Corollary 1.3 in the special case of complete circular domains appears similar to a result in [LT04] . For each choice of contact form θ on M, one obtains a Szegő kernel K θ S corresponding to the surface element σ[θ] := θ ∧ dθ on M. The invariant surface element ( [HKN93] ; see also [Lee88] and [Hir93] ) corresponds to the unique choice of θ = θ 0 such that
It is shown in [HKN93] that for the invariant surface element on M in C 2 , it holds that
S . This leads to the form of the expansion indicated in (6).
Hirachi further showed [Hir93] that in fact
where ∆ b , R, A 11 are the sublaplacian, the Tanaka-Webster scalar curvature, and the Tanaka-Webster torsion, respectively, of the pseudohermitian structure corresponding to θ (see [Web78] ). Moreover, he showed that if M has transverse symmetry then ψ θ S | M = 0 if and only if θ = e 2f θ 0 for some pluriharmonic function f on M.
In some situations, there may also be natural choices of surface element on M, other than the invariant one. For instance, if D is the unit disk bundle in a negative holomorphic line bundle L * over a Riemann surface X, then a natural surface element is σ = ω ∧ dt, where −ω is the Kähler form on X obtained from the curvature form of L * and t → (z, e it ℓ) the circle action on M := ∂D. The Szegő kernel corresponding to this surface element on the disk bundle (also over higher dimensional Kähler manifolds) has been considered by many authors. We mention here only [Tia90] , [Zel98] , [Cat99] , [LT04] , and refer to these papers for further references. In particular, in [LT04] the analog of Ramadanov's Conjecture above was considered for the Szegő kernel in a disk bundle D over the complex projective plane P 1 corresponding to the surface element
The result in this case is that if the log term ψ θ S vanishes on M, then ω is the Fubini-Study form on P 1 (up to an automorphism P 1 → P 1 ), which is equivalent to the statement that D is the blow-up of the origin in the unit ball B 2 ⊂ C 2 (up to an automorphism). We wish to emphasize that while a complete circular domain in C 2 , a special case of the main result in this paper, is the blow-down of a disk bundle over P 1 , the assumptions in Corollary 1.3 and in [LT04] are different, as the Szegő kernels are taken with respect to a priori different surface measures. The paper is organized as follows. In Section 2 we establish a correspondence between the obstruction function bη 1 and the classical invariants of E. Cartan and Chern-Moser. In Section 3 we consider the special case of disk bundles in (duals of) positive holomorphic line bundles. The calculations in this case are classical, and requires no prior experience with pseudohermitian geometry. In the subsequent section, we explain how the calculation in a CR manifold with transverse symmetry can be reduced to that in the disk bundle case. The final section 5 is then devoted to the proof of the main result, Theorem 1.1.
The weight κ = 3 invariant
Let M = M 3 be a three dimensional strictly pseudoconvex CR manifold, which we shall always assume to be locally embeddable as a real hypersurface in C n , for some n.
Recall that a CR invariant of a positive weight κ is a polynomial in "data" associated with the CR structure that transforms under CR diffeomorphisms by scaling with the Jacobian of the diffeomorphism to the power 2κ/3 (see, e.g., [Gra87a] , [Gra87b] ). Typical "data" are the covariant derivatives of the components of the Tanaka-Webster curvature and torsion, in which case CR invariants are special cases of pseudohermitian invariants (see e.g., [Hir93] ). Another approach is to use the coefficients A j kl in the Chern-Moser normal form [CM74] in (local or formal) coordinates (z, w) ∈ C 2 :
It was shown by R. C. Graham [Gra87b] that there are no (nontrivial) CR invariants of weight κ = 1, 2, and that the space of CR invariants of weight 3 and 4, respectively, is 1-dimensional and spanned by A , while not a CR invariant of a positive weight in the sense of Graham (but rather of a "complex weight" of type (2,4)), represents E. Cartan's "6th order invariant" Q = Q 11 obtained in his solution to the CR equivalence problem for three dimensional strictly pseudoconvex CR manifolds [Car33] . We shall show here that the weight 3 invariants, spanned in the Chern-Moser setup by A 0 44 , can be also represented by a second order covariant derivative of Cartan's invariant Q. To explain this, we recall here E. Cartan's solution to the equivalence problem, following the exposition of Jacobowitz [Jac90] (but with slightly different notation).
As above, let M = M 3 be a 3-dimensional strictly pseudoconvex CR manifold. There is an 8-dimensional bundle π : B → M and an invariantly defined coframe
with Ω, Ω 4 real-valued, Ωl := Ω l for l = 1, 2, 3, such that the following structure equations hold:
where Q (Cartan's invariant) and S are functions on B. Cartan showed that M is spherical near a point p ∈ M if and only if Q vanishes over a neighborhood of p in M.
We may now construct new invariant functions on B by taking "covariant" differentiations of the invariant functions Q and R with respect to the invariant coframe (10), e.g.,
An easy calculation, differentiating the structure equation for dΩ 3 , reveals that
and hence repeated covariant differentiation of Q will yield all invariant functions. We claim that Q ;11 is a CR invariant of weight κ = 3. We will first need to explain how a choice of contact form θ near a point p ∈ M leads to a a polynomial expression in the Chern-Moser normal form coefficients in (9). In order to carry this out, we shall compute Q ;11 in a special local coordinate system on B, following the book by Jacobowitz [Jac90] . Let θ be a contact form on M, x = (z, t) ∈ U ⊂ C×R a local chart on M = M 3 such that {θ, θ 1 }, with θ 1 := dz, defines the CR structure on M. We shall normalize the choice of contact form θ so that the Levi form of M with respect to θ 1 = dz is one, i.e.,
where A, B, C, D, E, F, G, H are functions in x, λ, µ, ρ explicitly computed in [Jac90] . To compute Q ;11 , we shall only require the expressions for A, B, E, which we reproduce here
Next, we recall from [Jac90] that in the coordinates (x, λ, µ, ρ),
We let L 1 be the (1, 0) vector field and T the transversal vector field in U ⊂ M such that the frame {T, L 1 , L1} is dual to the coframe {θ, θ 1 , θ1} and compute
and obtain, using (14),
Consequently, by using also (15), we conclude
We differentiate again and obtain
Using again (14), we obtain (21)
Thus, we obtain (22)
Applying again (15), we find that
and hence we obtain from (22) (24)
We note in particular that Q ;11 is of the form
where, in the special fiber coordinates (λ, µ, ρ) corresponding to the choice of {θ,
Now, we note that if (z, w) ∈ C 2 are formal Chern-Moser coordinates for M centered at p = (0, 0) so that M is formally given by an equation of the form (9), which we write temporarily as
then we may choose x = (z, t) with t := Re w as local coordinates, and we may use the contact form (cf. [BER99] )
in the calculations carried out above. We obtain an evaluation of Q ;11 on the contact form θ in (28) by evaluating (24) at λ = 1; we denote this evaluation by Q ;11 [θ] . We now note that by the form of Φ(z,z, t) given by (27), Proof. To prove Theorem 2.1, we shall show that Q ;11 is a (nontrivial) CR invariant of weight 3. In view of Theorem 2.1 in [Gra87b] , which states that the space of CR invariants of weight 3 is 1-dimensional and spanned by A 0 44 , we can then conclude that there exists a constant c such that (30) holds. To prove that c = 0, it suffices to show that Q ;11 is not zero for some CR manifold M. We shall in fact show (Corollary 3.3 below) that for unit circle bundles M over compact Riemann surfaces, the identity Q ;11 = 0 characterizes those that are locally spherical. Since there clearly are such M (these include all boundaries of complete circular domains) that are not locally spherical, we deduce that c = 0.
Recall now (e.g., [Gra87b] , [Hir93] ) that a pseudohermitian invariant I(θ) (computed as a polynomial in covariant derivatives of the curvature and torsion of the pseudohermitian structure given by a contact form θ, or as a polynomial in the Chern-Moser coefficients A j kl ) is a CR invariant of weight κ if for any other contact formθ = e u θ, u ∈ C ∞ (M), we have
Since Q ;11 is an invariant function on the bundle B of the form (25), it is clear, by taking |λ| 2 = e u , that Q ;11 is a CR invariant of weight κ = 3. As mentioned above, it follows from Corollary 3.3 that this invariant is nontrivial. This completes the proof of Theorem Thm-wt3.
We may also reformulate the result of the discussion above as follows:
Theorem 2.2. The invariant function Q ;11 is a nontrivial CR invariant of weight κ = 3.
Circle bundles over Riemann surfaces
Let X be a Riemann surface (complex manifold of dimension 1) and π : L → X a positive holomorphic line bundle, with (·, ·) a positively curved metric on L, and endow X with the Kähler metric ds 2 induced by the curvature of L. Let L * be the dual line bundle, equipped with the dual metric, and D the unit disk bundle in L * . It is well known that D is a strictly pseudoconvex domain. We shall mainly be interested in its boundary M := ∂D, the unit circle bundle in L * , which is then a strictly pseudoconvex, three dimensional CR manifold given by
where h(z,z) = |s 0 | 2 z . The assumption that the curvature of L is positive means that (32) iΘ := −i∂∂ log h > 0.
If we use polar coordinates τ = re it in the fibers and (z, t) ∈ C × R as local coordinates on M, then
is a contact form on M that is compatible with the CR structure, and
We shall use the notation
where a = a(z,z) is the function (36) a := (−DD log h)
Thus, with
In other words, we can use x = (z, t) and the forms in (37) to set up Cartan's bundle B as described in the previous section. In this case, the function b = b(x) in (13) is independent of the circle coordinate t, and
Next, recall the invariant function Q (Cartan's tensor) in (16). The direct computation in [Jac90] shows that (see pp. 126 and 140 in [Jac90] ), in the chosen coordinate system x = (z, t), the function r = r(x) in (16) is a function of z alone, explicitly computed from the function b = b(z,z) in (39). In fact, r is obtained by applying a third order differential operator tob (see [Jac90] , eq. (47) on p. 126):
Recall that the Riemann surface X is calibrated by the positive holomorphic line bundle L, i.e., equipped with the Kähler metric induced by the curvature of metric (·, ·) on L.
In the local chart x = (z, t) in U ⊂ X, we then have ds 2 = e 2φ |dz| 2 , 2φ := log(−DD log h) = − log a.
We shall denote by K the Gauss curvature of ds 2 ,
For a smooth, real-valued function f , we shall denote by f ;z , f ;z , f z 2 := f ;zz , . . . , f ;z kzk , etc., the repeated covariant derivatives with respect to z (in the (1, 0) direction) andz (in the (1, 0) direction) in the unitary coframe e φ dz; i.e., since the (dual) connection form in this case equals −(∂ −∂)φ (e.g., [GH94] , p. 77), we have f ;z = e −φ Df , f ;z = e −φD f and inductively
Theorem 3.1. The invariant functions Q and Q ;11 are related to the Gauss curvature K of (X, ds 2 ) via:
Proof. The first identity in (62) was already observed in [ED15] , Proposition 4.1 (but note that in that paper the complex conjugate of Q was considered). The proof is a direct computation of K ;zz , using the expressions
and comparing the result with (40), recalling thatb = 2Dφ. To obtain the second identity in (62), we recall that Q ;11 is of the form (25), where s in this case is a function of z alone, s = s(z,z), given by (26), which becomes
We also have
By the first identity in (62), we have
and, hence, by (45)
By expanding this, comparing with (44) and recalling b = 2Dφ, we conclude that the second identity in (62) holds.
Remark 3.2. We note that there is a similar local divergence form in general for s(x) in (26) provided we can find a function u such that b = L 1 u. It can be verified by direct calculation that
This fact is used in the next section.
We may now prove the following result, which has been alluded to above. It is well known (see [BER99] ) that (a) is equivalent to T 0 having the property that
Reeb vector field for a uniquely determined contact form θ 0 , i.e., there is a contact form θ 0 such that
Indeed, it was proved in [BRT85] that near a point p ∈ M, one can find local coordinates x = (z, t) ∈ C × R, vanishing at p, and a local (
for some smooth function f near p = (0, 0) such that f (p) = 0 and f is a function of z alone, f = f (z,z). Thus, we have
The strict pseudoconvexity implies that the purely imaginary function Df −Df is nonzero. By replacing T 0 by −T 0 if necessary, we may assume that we have
where φ = φ(z,z) is a smooth real-valued function. Thus, we may rewrite (50) as
The contact form θ 0 defines a pseudohermitian structure [Web78] on M and (θ 0 , θ 1 , θ1)
is a local admissible coframe in this pseudohermitian structure; the reader is referred to [Web78] and [Lee88] for basic facts regarding pseudohermitian structures. The fact that the Reeb vector field is an infinitesimal automorphism implies that the torsion τ 1 = A 11 θ 1 vanishes, and thus the connection form ω 1 1 is identified via the structure equation for dθ 1 and symmetry requirement following from (52), respectively,
where θ 1 = dz, ω1 1 = ω 11 and we use the Levi form h 11 := e 2φ to raise and lower indices.
Since dθ 1 = d 2 z = 0 and
we conclude then from (53) that (55)
The following proposition is then a direct consequence of the structure equation for dω 1 1 :
Proposition 4.1. The pseudohermitian scalar curvature R := R 1 1 1 1 of θ 0 is given by
To be able to compare with the computations in Section 2, we renormalize θ := e −2φ θ 0 so that (13) holds (still with θ 1 = dz) with (58) b = 2Dφ, b = b(z,z).
We observe at this point that we have an identity for b = b(z,z) of the same form as in Section 3 with 2φ in (58) playing the role of − log a in (39). Next, in order to compare with the computations in Section 3, we change the admissible coframe for the pseudohermitian structure of θ 0 byθ 1 := e φ dz = e φ θ 1 . This normalizes the Levi form in this structure to h 11 = 1. To compute the connection formω 1 1 with respect to this coframe, we must consider the equations (59) dθ 1 = dφ ∧θ1 =ω 1 1 ∧θ 1 ,ω 11 +ω1 1 = 0, which is easily seen to have the implication (60)ω 1 1 = −(∂φ −∂φ) = e −φ (Dφθ1 − Dφθ 1 ).
Next, we note that the dual (1, 0) vector fieldL 1 corresponding toθ 1 equals e −φ L 1 . Thus, for any function f that is independent of t, i.e., f = f (z,z), we haveL 1 f = e −φ Df . We therefore observe that covariant differentiation of such f with respect to the TanakaWebster connection in the coframeθ 1 , in the the pseudohermitian structure of θ 0 is the same as covariant differentiation of f = f (z,z) on the Riemann surface X with coordinate z and metric ds 2 = e 2φ |dz| 2 as in Section 3; E.g., if f = f (z,z) is a function on M near 
Proof of main result
In this section, we shall prove the result stated in the introduction. Proof of Theorem 1.1. It suffices to show that bη 1 = 0 on M implies that M is locally spherical, since the converse is clear, and moreover, if D is simply connected and M connected, it follows from the Riemann mapping theorem of Chern-Ji [CJ96] that D is biholomorphic to the unit ball B 2 . Thus, to complete the proof of Theorem 1.1 it suffices to show that M is locally spherical, provided bη 1 = 0 on M. Graham [Gra87b] showed that the space of CR invariants of weight 3 is one dimensional, spanned by A 0 44 , and in particular bη 1 = 4A 0 44 . Thus, if bη 1 = 0 on M, then it follows from Theorem 2.1 that Q ;11 also vanishes on M. By Theorem 4.2, we then conclude that R ;1111 = R ;1111 = 0 on M. We shall need the analog of Calabi's result used in the proof of Corollary 3.3:
